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§1 2026-05-12

§1.1 Real Projective Space
Definition 1.1. The real projective space RP" is defined by

RP" := (R"*'\ {0}) / ~,

where
x ~y <= x = \y for some X\ € R\ {0}.
Equivalently,
RP" = {L C R™ | L is a line through the origin} .
Let

7 R"\ {0} — RP"
be the quotient map. For z € R*"1\ {0}, we write

The quotient topology on RP" is defined as follows:
A C RP" is open <= 7 (A) is open in R"™\ {0}.
Equivalently, one can also describe RP" as
S"/(x ~ —x).

The quotient map is
m:S" — RP", x — [z].

This gives the same quotient topology on RP™.
Definition 1.2. A point of RP" is written in homogeneous coordinates as

R R i

By definition,
bz = Dt aa? o AT

for every A € R\ {0}.

Foreachi=1,...,n+ 1, define

U= {[z' - 2" e RP" | 2" #£0}.
The set U; is open in RP™. Indeed,

7 H(U) = fw e R\ {0} |2 # 0},

which is open in R"*1\ {0}. Hence Uj; is open by the definition of the quotient topology.

Moreover, the sets Uy, ..., U,41 cover RP"™. Indeed, for every
[zl 2" e RP,
not all coordinates z', ..., 2" are zero. Hence at least one coordinate ! is nonzero, so

the point lies in U;.
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Definition 1.3. For each i = 1,...,n + 1, define

Qi - Ui — R”
by
1 i—1 41 1
(pi([xl : ---::U”‘HD = <$.,...,xz, ,:CH. ,...,wn{r >
zt z? 't Tt
The map ; is well-defined. Indeed, if
[T = et AT A#0,
then for every j # i, ' .
Azt xd
At gt
The inverse map is
o t(ut o u™) =t T )

Therefore ; is a bijection. Moreover, both ¢; and go;l are continuous, so ; is a
homeomorphism.
Hence
(Ui, i)

is a coordinate chart on RP".

Theorem 1.4

The collection

is a smooth atlas on RP"™.

Proof. The sets Uy,...,Upy1 cover RP") so it remains to check that the charts are
smoothly compatible.
Let i # j. On the overlap U;NUj, both z* and 27 are nonzero. Consider the transition
map
wjop;
In the i-th chart, a point of U; has the form

1
T X
1:--.:$n+1:| _ e e et ’1'

[z =|— i —li——
x* xt xt xt

Passing to the j-th chart means dividing every coordinate by the j-th coordinate. Hence
the transition map is given by rational functions whose denominators are nonzero on the

overlap.
Therefore
i op;
is smooth. Similarly,
©; © <ij1

is smooth. Thus the charts are smoothly compatible.
Therefore A is a smooth atlas on RP". O
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§1.2 Polar Coordinates and Transition Maps

Example 1.5
Let M = R?.
Consider polar coordinates on

U=R*\ (Rxo x {0}).
For z € U, write z = (2!, 22). Define
@0:U — R?

by
where

are the coordinate functions.
Here the image of ¢ is
QO(U) = R+ X (0, 2’/’1’)

Thus the polar coordinate chart is

(U, ).

Example 1.6

Now consider the Euclidean coordinates on

V =R2
Define
Y:V = R
by
¥(2) = (2(2),y(2)) = (¥'(2),¥°(2)) = (z',2%),
where

z,y:R? 5> R

are the coordinate functions.
Thus the Euclidean coordinate chart is

V,9).

The transition map from polar coordinates to Euclidean coordinates is
pop iRy x (0,2m) = R*\ (Rxg x {0})

Explicitly, ~ ~
(0 o™ Y)(7,8) = (Fcos 8, Fsinf).

Since the component functions

~ ~ ~

(7,0) — 7cosf and (7,0) — 7sinf
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are smooth, the transition map
popt

is smooth.

§1.3 Smooth Compatibility
Definition 1.7. Let (U, ¢) and (V,%) be two charts on a topological manifold M. We
say that (U, ¢) and (V1) are smoothly compatible if both transition maps
Yo tipUNV)—=p(UNV)
and
gpo¢_1 U NV)—=pUnV)

are smooth maps between open subsets of Euclidean spaces.

Remark 1.8. At this stage, we have not yet defined what it means for a map between
manifolds to be smooth. Therefore we do not say that a chart itself is smooth. Instead, we
say that two charts are smoothly compatible.

Remark 1.9. If two charts (U, ¢) and (V, ) are smoothly compatible, then the transition
maps
pop™' and poy~!

are diffeomorphisms between open subsets of Euclidean spaces.

§1.4 Smooth Atlases and Maximal Atlases

Definition 1.10. An atlas A of an n-dimensional topological manifold M is a collection
of charts

A= {(Uou @a)}ae[

M:UUa.

acl

such that

Definition 1.11. An atlas A is called a smooth atlas if all charts in A are pairwise
smoothly compatible.

Definition 1.12. A smooth atlas A is called a maximal smooth atlas if there is no
smooth atlas 4’ such that
ACA.

Equivalently, A is maximal if every chart smoothly compatible with all charts in A is
already contained in A.

Theorem 1.13

Every smooth atlas A of M is contained in a unique maximal smooth atlas.
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Proof. We first prove existence.
Define

A= 1w,y (U, p) is a chart of M,
o Ad (U, ¢) is smoothly compatible with every chart in A |~
Clearly, B
AC A
| Claim — A is a smooth atlas.

Proof. Since A C A and A covers M, the collection A also covers M.
It remains to prove that any two charts in .4 are smoothly compatible.
Let

(U17 @1)7 (U27 802) S j

If
UinNU; =9,

then the transition maps have empty domain, so the two charts are smoothly compatible
vacuously.
Now suppose
UynNUs # @.

For each point
p e U NUs,

since A is an atlas, there exists a chart
(V) e A

such that
peV.

By definition of A, both (U1, 1) and (Us, ¢2) are smoothly compatible with (V,1)).
Therefore the transition maps
Ypopt and @yop!
are smooth on their domains. On the open set
gOl(Ul NU; N V),
we have
prop1 = (paov™) o (Yoyr).

Hence @9 0 ¢ ' is smooth near ¢y (p).
Since this holds for every p € U; N Us, the transition map

2 © <pf1 : (,01(U1 N U2) — (pQ(Ul N UQ)

is smooth.
Similarly,
prowy’
is smooth. Therefore (Uy, ¢1) and (Us, p2) are smoothly compatible.
Thus A is a smooth atlas. O

Now we prove maximality.
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¥1 J P2
Y
R’ﬂ n Rn
¢1(U1) Y(V) p2(U2)
) Yoy’ pap P! @
—> —>
smodth snjoot 5
(pl(UlﬂUzﬂV) ”I/J(UlmUQmV) QQ(UlﬂUgﬂV)
On <,01(U1 NU; N V),
P00 =(paoyp o (o)

Hence ¢ o cpfl is smooth near ¢4 (p).

Figure 1: The local factorization used in the proof of the first claim of Theorem 1.13.

Claim — If A’ is a smooth atlas with A C A/, then A’ C A.

Proof. Let
(U ¢) e A.

Since A’ is a smooth atlas, (U’, ¢’) is smoothly compatible with every chart in A’. Since
Ac A,

it follows that (U’,¢’) is smoothly compatible with every chart in A.
Therefore, by definition of A,

(U, ¢') e A

Hence

A c A.

If there were a smooth atlas B such that
AC B,
then A C B, so by the previous claim we would have
BC A,

a contradiction. Hence A is maximal.

It remains to prove uniqueness.

Suppose B is another maximal smooth atlas containing A. Since A C B, the previous
claim gives

BcC A
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But B is maximal and A is a smooth atlas. Hence
B=A.

Therefore the maximal smooth atlas containing A is unique. O

Remark 1.14. Suppose A; and As are two smooth atlases on M such that every chart in
A; is smoothly compatible with every chart in Ay. Then

A = As.

Indeed, under this assumption,

AU Ay

is a smooth atlas. Since it contains both A; and As, the uniqueness of maximal smooth
atlases gives

E:AluAQZIQ.

§2 2026-05-14

§2.1 Smooth Structures and Smooth Manifolds

Definition 2.1. Let M be a topological manifold. A smooth structure on M is a
maximal smooth atlas A on M.

Definition 2.2. A smooth manifold is a pair
(M", A),
where M" is a topological n-manifold and A is a smooth structure on M.

Usually we use the shorthand notation
M= (M" A).

If
(U, ) € A,

then (U, ¢) is called a smooth chart of M.

Remark 2.3. The same construction can be modified by replacing “smooth” with other
regularity classes. For example, one can define

C*-manifolds, C“-manifolds,

where C“ means real analytic.

§2.2 Local Properties of Smooth Charts
Exercise 2.4. Let (U, ¢) € A, and let U’ C U be open. Then

(U, olur) € A.



Xinzhe Li — Spring 2022 lectures; typeset in 3 June 2026 Notes for Math 214, Spring 2022

Proof. Since U’ C U is open, ¢(U’) is open in R™, and
(p‘U/ U — (,O(U/)

is a homeomorphism. Thus (U’, ¢|y) is a chart.

It is smoothly compatible with every chart in A, because its transition maps are
restrictions of the corresponding transition maps for (U, ). Since A is maximal, it
follows that

U plur) € A

Exercise 2.5. Let (U, ¢) € A, and let
X o(U) = x(e(U)) CR"
be a diffeomorphism onto an open subset of R™. Then
(U,xop) € A.

Proof. The map
xop:U—=x(e(U))

is a homeomorphism, hence (U, x o ¢) is a chart.
For any (V,4) € A, the transition map

Yo(xop) t=voplox!

is smooth, because it is a composition of smooth maps. Similarly,
(xop)oy ™t =xopop!
is smooth. Hence (U, x o ¢) is smoothly compatible with all charts in 4. By maximality,
(Uyxop) € A
O

Exercise 2.6. Let ¢ : U — R" be an injective map, where U C M is open. Suppose
that for every p € U, there exists an open neighborhood U, C U of p such that

(Upa QO|Up) €A

Then
(U,p) € A.

Proof. The condition is local. Since each |y, is a coordinate map, the image p(Up) is
open in R". Because

peU
the image ¢(U) is open in R".
Moreover, ¢ is a homeomorphism onto its image because this can be checked locally
on the open cover {Up}per. Thus (U, ¢) is a chart.
It remains to check smooth compatibility. Let (V,1) € A. For each p € UNV, choose

Up as above. On
‘P(Up N V))

10
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the transition map
popt
is equal to
o (plu,)

which is smooth because (U, ¢|y,) € A. Hence ) o ©~ 1 is smooth locally, and therefore
smooth. The other transition map is treated similarly.
Thus (U, ¢) is smoothly compatible with all charts in A. By maximality,

(U,p) € A.

Example 2.7

Let M = R, and let A be the standard smooth structure, namely the maximal

smooth atlas containing
(R, idR).

Let A* be the maximal smooth atlas containing
R,9),  p(z) =2

Then
A" £ A.

Indeed, the two charts (R,idgr) and (R, ) are not smoothly compatible, because
one transition map is

idg op~!(2) = ¥,

which is not smooth at 0.
However, the smooth manifolds

(R,.A) and  (R,.A")
are diffeomorphic. For example, the map
v: (R, A% — (R, A), T — z3,

is a diffeomorphism.

Remark 2.8. This example shows that two smooth structures on the same underlying
topological manifold may be different, even though the resulting smooth manifolds can still
be diffeomorphic.

§2.3 Standard Examples and Open Submanifolds

Example 2.9

The standard smooth structure on R™ is the maximal smooth atlas containing

(R", idgn).

11



Xinzhe Li — Spring 2022 lectures; typeset in 3 June 2026 Notes for Math 214, Spring 2022

4 N\

Theorem 2.10
Let (M, A) be a smooth manifold, and let

M cM
be open. Define

A ={(U,o)e A|U cCc M'}.

Then

(M, A)
is also a smooth manifold. y

Proof. Since M’ C M is open, it is a topological manifold with the subspace topology.
The charts in A" cover M’. Indeed, if p € M’, choose a chart (U, ) € A with p € U.
Then
Uun'

is open in U, so by the restriction property,
(U N M/NP’UOM’) e A.

Moreover its domain is contained in M’, hence it belongs to A’.

Smooth compatibility is inherited from A. Therefore A’ is a smooth atlas on M’.
Taking the maximal smooth atlas determined by A’, we obtain the induced smooth
structure on M’. O

Example 2.11

Let S™ be the unit sphere. Its standard smooth structure is the maximal smooth
atlas containing the stereographic projection charts

(UN7<)0N)7 (US7905)7

where Uy = S™ \ {N} and Ug = 5™ \ {S}.
Equivalently, it is the maximal smooth atlas containing the usual graph charts

(UE, o).

)

Example 2.12

Let V' be an n-dimensional real vector space. Define
A ={(V,p) | ¢:V — R" is a vector space isomorphism} .
Then A’ is a smooth atlas, because the transition maps are linear isomorphisms
R™ — R",

hence smooth. The standard smooth structure on V is the maximal smooth atlas
containing A’.

12
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Remark 2.13. In general, if A is the maximal smooth atlas containing a smooth atlas A’,
and if a chart (U, ¢) is smoothly compatible with every chart in A, then

A U{(U,9)}

is still a smooth atlas. Hence

(U, ) € A.

Remark 2.14. Reading examples include
Sm, RP™, GL(n,R),
and product manifolds.
Remark 2.15. Digression.
Does every topological manifold have a smooth structure?

n <3: Yes, and unique up to diffeomorphism;

n >4: No, and smooth structure may not be unique;

Remark 2.16. Subquestion.
Are there exotic smooth structures on S™?
Here “exotic” means not diffeomorphic to the standard one.
n<3: no;
n=4: unknown; Smooth Poincaré Conjecture
n >5: almost completely understood.

On spheres are related to the group of homotopy spheres ©,, which can be characterized
using algebraic topology. case n = 126 is often noted as unclear in this context.

§2.4 Smooth Manifold Construction Lemma

13
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\
Theorem 2.17 (Smooth Manifold Construction Lemma)

Let M be a set, and let
{(Poz :Uq — Rn}ael

be a collection of injective maps, where U, C M. Suppose the following conditions
hold.

1. For every o, € I,
Sooz(Ua N UB)

is open in R™.

2. For every a, 8 € I, the transition map
Yo 095" p(Ua NUp) = wa(Us N Up)

is smooth.
3. The set M is covered by countably many of the sets U,.
4. For any p,q € M with p # q, either there exists some a € I such that

p,q € Ua,
or there exist a, 5 € I such that

p E Uy, quﬁ, UaﬂUﬁZQ.

Then M has a unique topology and a unique smooth structure such that all pairs

(Uas Pa)

are smooth charts. )

Proof. Define a topology on M by declaring that a subset A C M is open if and only if
va(ANUy)

is open in R" for every a € 1.
With this topology, each U, is open in M, and each

Yo Uy = 0a(Ua)

is a homeomorphism onto an open subset of R™.

The first two assumptions imply that the charts (Uy, ¢,) are smoothly compatible.
The countability assumption gives second-countability. The separation assumption gives
the Hausdorff property. Therefore M becomes a topological n-manifold.

Finally, let A be the maximal smooth atlas containing all charts

(Ucw‘Poz)'

This gives the desired smooth structure. Uniqueness follows because the topology and
the maximal smooth atlas are forced by the given charts. O

14
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§2.5 Grassmannians

Example 2.18 (Grassmannians)

Let

The Grassmannian is
Gri(R") :={V C R" | V is a linear subspace and dimV = k}.

In particular,
Gri(R") = RP" L,

Let
._ P,Q C R™ are linear subspaces,
I:= {(P,Q) ‘ R'=PaQ, dmP=Fk dimQ=n—k }
For
o= (P’ Q) E I7
define
Uy :={V € Grp(R") | VNQ = {0}}.

-

Lemma 2.19

For every V' € U,, there exists a unique linear map
A PQ,V : P — Q

such that

V = {33+AP,Q,V$ | x € P}.
\§

Proof. Since
R" =P @ Q:

every vector in R™ can be written uniquely as ¢ + y with x € P and y € Q.
If V e U, then
VnQ={0}.

The projection
mp:V — P

is injective, because if 7p(v) = 0, then v € @, hence v € VN Q = {0}. Since
dimV =dim P =k,

the map np : V — P is an isomorphism.

Therefore, for each z € P, there is a unique vector v € V with 7wp(v) = z. Write

v=a+Apgyve
with Apg va € Q. This defines a unique linear map
AP,QJ/ P — Q

Hence
V= {z+Apquva |z P}.

15
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Define
Pa - Ua —>L(P,Q)

by
va(V) = Apqv-

Since

L(P,Q) =R

after choosing bases of P and @), this gives a coordinate chart on the Grassmannian.

§2.6 Manifolds with Boundary
Definition 2.20. Let
H" := {2z = (z},...,2") € R" | 2" > 0}
be the closed upper half-space. Its boundary is
OH" := {x € H" | 2" = 0}.

Definition 2.21. Let M be an n-manifold with boundary. A point p € M is called a
boundary point if there exists a chart

(U, ¢)

such that
pelU and o(p) € OH".

The set of all boundary points is denoted by
oM.

For manifolds with boundary, transition maps are maps between open subsets of H".
Their smoothness means that all partial derivatives exist and extend smoothly up to the
boundary. Equivalently, locally they extend to smooth maps on open subsets of R".

\
Lemma 2.22 (Invariance of boundary)
Let A, B C H” be open subsets in the subspace topology, and let
F:A— B
be a diffeomorphism. Then
F(ANOH") = BN oH".
. J

Proof. 1t suffices to prove that
F(AnoH") c BN oH",

because the reverse inclusion follows by applying the same argument to F 1.
Suppose, for contradiction, that there exists

xre ANoH"

16
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such that
y = F(z) € IntH".
Let
G:=F 1

Since y is an interior point of H", there is an ordinary open neighborhood W C R” of y
such that
W C BN IntH".

Write
G=(G...,G").

Because G(W) C H", we have

G"(z2) >0
for all z € W. Moreover,
G"(y) =" =0,
because x € OH". Thus G™ has a local minimum at y. Hence
dGy = 0.

Therefore the image of dG, is contained in the hyperplane
R x {0},

SO
rank dG, <n — 1.

On the other hand, since F' and G are inverse diffeomorphisms, the derivative dG,
must be invertible. This is a contradiction. Hence F'(x) cannot be an interior point of
H"™, and therefore

F(z) € OH".

Lemma 2.23
If p € M is a boundary point, then for every chart (U, ) containing p,

¢(p) € OH".

Proof. Since p is a boundary point, by definition there exists a chart (V1) containing
p such that
Y(p) € OH".

Let (U, ) be any chart containing p. On the overlap U NV, the transition map
gpo¢_1 U NV)—=pUnV)

is a diffeomorphism between open subsets of H". By the invariance of boundary for
diffeomorphisms between open subsets of H", it maps boundary points of H" to boundary
points of H".

Since
¥(p) € OH",
we obtain
p(p) = (p oy ") (¥(p)) € OH".
Therefore every chart containing p sends p to JH". 0

17
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§3.1 Boundary Points and Manifold Boundary

Recap: manifolds with boundary, transition map

LN

P unvnok oM

Hn

Hn

PV

N

)
,l_-(%?(g)v) "

Theorem 3.1 (Boundary points are well-defined)

Let M be a smooth manifold with boundary, and let p € M. Suppose

Ue),  (Vi9)

are two smooth charts containing p. Then

o(p) € OH" < (p) € OH".
Equivalently,

¢(p) € IntH" <= (p) € Int H".
-

Proof. Consider the transition map

wogp_l co(UNV) = p(UNV).
Since (U, ) and (V) are smoothly compatible charts, this is a smooth transition map
between open subsets of H".
Moreover, it restricts to a smooth map
Yol OH"Ne(UNV) = dH"NY(UNV).

Thus the transition map sends boundary points of H” to boundary points of H".
Therefore,

p(p) € OH" < 1(p) € OH".
Similarly,

o(p) € It H" <= o(p) € Int H".

Hence whether p is a boundary point is independent of the chart.

18



Xinzhe Li — Spring 2022 lectures; typeset in 3 June 2026 Notes for Math 214, Spring 2022

Definition 3.2. Let M be a smooth manifold with boundary. The interior of M is
Int M := {p € M | p is an interior point}.

The boundary of M is
OM = {p € M | p is a boundary point}.

Thus
M =1Int M UOM.

Remark 3.3. The interior of M is a smooth n-manifold without boundary:
Int M is a smooth n-manifold without boundary.
The boundary of M is a smooth (n — 1)-manifold without boundary:

OM is a smooth (n — 1)-manifold without boundary.

Remark 3.4. The topological interior and the manifold interior need not be the same
notion. Similarly, the topological boundary and the manifold boundary need not agree.

Example 3.5

Let
M={xeR"|z" >0} CR"

Then M has no manifold boundary:
oM = @.
However, as a subset of R", it has topological boundary

AopM = R"™1 x {0}.

Example 3.6
If M is an n-manifold with boundary, then

atopM =9
when M is regarded as a topological space in itself. Indeed,
Intyop, M = M.

But the manifold boundary 0 M may be nonempty.

19
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Example 3.7
Let
M = S" c R*M
Then
(9me =,
and
OropM = S™

if S™ is viewed as a subset of R**1.

Example 3.8

Let
M =H"nNB(0,1).

Then M is a smooth manifold with boundary. Its manifold boundary is

OM = {zx € B(0,1) | 2™ = 0}.

Geometrically, this is the flat part of the boundary.

§3.2 Smoothness on Half-Spaces

Remark 3.9. The notion of smoothness for maps defined on subsets of H" is the following.
All partial derivatives should exist and be continuous up to the boundary.

Definition 3.10. Let
ACH"

be an arbitrary subset, not necessarily open. A map
f:A—>R™

is called smooth if it can be extended to a smooth map

f:V o R™
where
ACV cCR"”
and V is open, such that _
fla=f.

20
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4 N
Theorem 3.11 (Seeley’s Extension Theorem)

Let
UcH"

be open in the relative topology, and let
f:U—=R™
be a map. Suppose that, for every multi-index I, the partial derivative
ol r

exists on U NInt H" and extends continuously to all of U. Then there exist an open

set N N
U CR", UcU,
and a smooth map s
f:U—=R™
such that _
fluo=f.
In other words, a map on an open subset of H" is smooth up to the boundary

exactly when it can be extended smoothly across the boundary hyperplane JH".
. J

Definition 3.12 (Partial derivatives and multi-index notation). Let
W cR"
be open, and let
f: W —=R™.

For each coordinate direction e;, the partial derivative of f in the a’-direction is defined
by
of [z + hei) — f(z)
- =1
52 ") = 1t R

provided the limit exists.
A multi-index is an n-tuple

I:(il,...,in), ila---ainEZEO-
Its order is
|I‘:’i1+...+in_

We write
ol ¢
A(zt)yn ... 9(xm)in )

For example, if n = 3 and I = (2,0, 1), then

olf =

1. O0f
= o

21



Xinzhe Li — Spring 2022 lectures; typeset in 3 June 2026 Notes for Math 214, Spring 2022

Remark 3.13. The condition that 0! f extends continuously to U means the following.
First compute 0! f on the interior part

U N IntH".

Then, for every boundary point p € U N OH", the values of 9! f(z) must have a limit
as x approaches p from inside H™. This limiting value is declared to be the value of the
continuous extension at p.

§3.3 Smooth Maps Between Manifolds

Definition 3.14. Let M be a smooth manifold, possibly with boundary, and let N be
a smooth manifold. A map
f:M— N

is called smooth if for every point p € M, there exist smooth charts
(U.p) of M, (V) of N,

such that
pel, fU)CV,

and the coordinate representation
F=dofop™:pU)—=y(V)CR"
is smooth.

The map R
f=vofop™

is called the coordinate representation of f with respect to the charts

(Uyp) and (V.9).

Rm

— | (D

D D

3 ~1
pr— (o] .
CcoQ ate representation

f
R’I’L

(Y2

Thus
C(M,N):={f: M — N | f is smooth}.
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4 ™\
Lemma 3.15

If
f:M— N

is smooth, then for any smooth charts
(U,¢) of M, (V,9) of N,
the coordinate representation
Yofop t:p(UNfH(V)) = (V)

is smooth.

Proof. Let
peUnfYV).

Since f is smooth, there exist smooth charts

(U,3) of M,  (V,4) ofN,

such that

and

~ ~ o~

boFod ' :p(U) = ¥(V)

is smooth.
On the domain where all expressions are defined, we have

’QZ}OFOSO_IZ(IIZJOQZ_I)O<JOFO¢_1)O($O@_1).

Here
oyt

and _
Yoyt

are smooth transition maps, while

@Z oFog!
is smooth by assumption. Therefore

Yok o cpfl

is smooth near ¢(p).
Since p was arbitrary, the coordinate representation

YoFop 'ip(UNF HV)) = (V)

is smooth. O
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§3.4 Basic properties and definitions

Example 3.16

Let
f:M—R

be a smooth function.
A smooth function can describe, for example, a “temperature distribution” on M,
or a “smooth curve” if
f:[0,1] — M.

I Remark 3.17. Read the basic properties and definitions of smooth maps.

§3.5 Partitions of Unity

Example 3.18

Given
f-, [+ € CZ(R),
we want to find
f e C*(R)
such that
f = f, on (—OO, _1)a
and
f="fr on(l,00).
Choose a cutoff function
Y- € C*(R)
such that
Y- =1 on (—oo0,—1],
and
supp¢— C (—o0,1).
Set
Yy=1—19_.
Then define
Fi=v_f-+ ¢4/t
Informally,
Yo+ =1,
with
supp¥_ C (—o0,1), supp ¥4 C (—1,00).

This is a simple instance of a partition of unity subordinate to the cover

{(_007 1)7 (_17 OO)}

Definition 3.19. Let
X = {Xa}aeA
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be an open cover of a topological space X. A partition of unity subordinate to X is a
family of continuous functions

{1/)04 X = R}aeA

such that:
1.
0<9y,<1 for all o € A.
2.
supp ¥ C Xq.
3. The family
{Supp wa}aeA

is locally finite.

Z¢a(x)51 for all z € X.

a€cA

Remark 3.20. The local finiteness condition implies that

> ta

acA
is locally a finite sum. Since
> va=1,
acA
we also have
X = U Supp Yo -
acA

Theorem 3.21 (Existence of smooth partitions of unity) )
Let M be a smooth manifold, possibly with boundary. For any open cover
X ={Xa}aca
of M, there exists a smooth partition of unity
{d}a}aeA
subordinate to X. )

Remark 3.22. Equivalently, for any open cover of a smooth manifold, one can find smooth
bump functions whose supports lie inside the elements of the cover and whose locally finite
sum is identically equal to 1.
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§4 2026-05-19

§4.1 Existence of Partitions of Unity

4 N
Theorem 4.1
Let M be a smooth manifold, possibly with boundary. Let
X = {Xa}aGA
be an indexed open cover of M. Then there exists a smooth partition of unity
subordinate to X. )

Proof. For simplicity, assume first that M has no boundary.
Since each X, is open in M, it is a smooth manifold in its own right. Hence each X,
has a basis of regular coordinate balls. Therefore there exists a basis

Ba

of regular coordinate balls for X,,.
Thus

Us.

acA

is a basis for M. Since M is a smooth manifold, it is paracompact. Hence the open
cover X' has a countable locally finite refinement

{Bi}i%4

U Ba-

a€cA

consisting of elements of

We may choose these balls so that the family of closures

{Bi}2y

is also locally finite.
For each B;, choose an index

a(i) € A

such that
B, C Xa(i)'

Choose a smaller coordinate ball

B; C B;
such that o

Since B; is a coordinate ball, choose a smooth coordinate map
©Y; - BZ — R"

such that
SOZ(BZ) = Bn' (O)a SDZ(B;) = Br’- (O)a Tg <.

k3
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Define a smooth function

by
Hi(vi(p)), p€ Bi,
filp) = o)
0, pGM\Bu
where

H;:R" - R
is a smooth bump function satisfying
H; >0 on p;(B)),
and
H;=0 onR"\ p;(B).
Then f; is well-defined and smooth, and
supp f; C Bi C X, (-
Now define
f:M—>R

by
fp) = Zfi(p)-

Since the family
{Bi}iZ1
is locally finite, the sum has only finitely many nonzero terms in a neighborhood of each

point. Hence f is smooth.
Moreover, the sets B} still cover M, so for every p € M there exists some i such that

p € B;,
and therefore
fi(p) > 0.
Thus
f(p)>0
for every p € M.
Define 1)
i\P
gi\p) ‘=
®) f(p)
Then each g; is well-defined and smooth, and
0<gi(p) <1
Moreover,
i fi(p
> ailp) = Lihlp) _y
- f(p)
Also,

supp g; = supp fi C Bi C Xy()-
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For each o € A, define
Xa: M —R

Xa = Z gi-

a(i)=a

by

Since the family {suppg;} is locally finite, this sum is locally finite. Hence each x, is
smooth.

Furthermore,
supp xa C ) suppgi C Xa,
a(i)=a
and
Z Xa = Zgi =1
acA i
Thus
{Xa}taeca
is the desired smooth partition of unity subordinate to X. O

§4.2 Complex Projective Space

Example 4.2 (Complex projective spaces)

Let
C:ﬂrl = (CnJrl \ {0}

Define an equivalence relation on C?*! by
z~ Az, AeCr.
The quotient space is called the complex projective space

CP":=C'"/ ~.

Equivalently,
CP™ = {[z] | z e C"1}.
For
z=(2",...,2"") e CnH,
we write
[2] = [t 22 - - 27 P
Thus
[8 2 =2 A
for all
AeCr.
For each
i=1,...,n+1,
define

U; == {[z] € CP" | z* # 0}.
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Then
{Ui};‘g—f
is an open cover of CP™.
Define
©s UZ' —-C"
by
1 i—1 i+1 n+1
z z z z
SOZ([Z]) = (sz ) Zi ) Zi ) ) Zi )

This is well-defined because multiplying z by a nonzero complex scalar does not change
any quotient

o
?.
The inverse map is given by
@;1(11)1,...,’11)”): [wl : ...:wi_l : ].’U)Z . wn]
Hence each

is a chart for CP™.

Remark 4.3. The space CP" is naturally a complex manifold of complex dimension n.
Equivalently, it is a smooth real manifold of real dimension

2n.

Claim — The charts
(Ui,(pi), z':l,...,n—l—l,

make CP"™ into a complex manifold.

Proof. We need to check that the transition maps are holomorphic.
For
ije{l,...,n+1},

we have

UinU; = {[2] € CP" | 2* #0, 27 # 0}.
The transition map is

piowi iU NU;) = ¢ (U NT;).

Assume, for simplicity, that
1< J.
Let
(wl, - ,w") € (pi(Ui N Uj).

Under the inverse of the i-th chart, this point corresponds to

cwTh et ),
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and the other coordinates are the entries of

(w', ..., w")
Since the point lies in
U;nUj,
we also have ‘
2 #£0.

Passing from the i-th chart to the j-th chart means rescaling the homogeneous coordi-
nates by dividing every coordinate by z7. Thus

[ oo 2t gl Y
is rewritten as )
Zl zz—l 1 Zz-l—l . zn-i—l
I e R 21 —
Therefore the transition map
-1
¥jop;

is given componentwise by functions of the form

2k 1
— or —.
2J 2J
Equivalently, in the i-th affine coordinates, the components are functions of the form

w® 1

or ,

wb wb

on the open set where
w® # 0.

These functions are holomorphic. Hence
-1
¥Yj P

is holomorphic.
Similarly,

©;i O <ij1
is holomorphic. Therefore the charts are holomorphically compatible.
Hence CP" is a complex manifold. O

Remark 4.4. Since every holomorphic map is smooth as a real map, the same atlas also
gives CP™ the structure of a smooth real manifold of real dimension

2n.

Definition 4.5. The smooth structure on CP™ determined by the atlas

{(Us, 00)} 12}

is called the standard smooth structure on complex projective space.
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